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GREENBERG APPROXIMATION AND THE GEOMETRY OF
ARC SPACES
JOHANNES NICAISE AND JULIEN SEBAG
Abstract. We study the differential properties of generalized arc schemes
and geometric versions of Kolchin’s Irreducibility Theorem over arbitrary base
fields. As an intermediate step, we prove an approximation result for arcs by
algebraic curves.
1. Introduction
In this article, we study geometric, topological and differential properties of
generalized arc schemes.
One of the questions we deal with is their irreducibility. Let k be a field. In
differential algebra, Kolchin’s Irreducibility Theorem states that, for any prime
ideal I in an algebra of finite type over a field k of characteristic zero, the radical
differential ideal {I} associated to I is again prime [11, Prop. 10, p. 200].
In [14, 3.3], we observed that the arc space of a k-scheme of finite type X can
be constructed in terms of differential algebra. Roughly speaking, the arc space
associated to X is a k-scheme L(X) which parametrizes k[[t]]-points on X . It
contains deep information on the structure of the singularities of X and plays a
fundamental role in the theory of motivic integration. In this setting, Kolchin’s
Irreducibility Theorem states that L(X) is irreducible if X is. We’ll refer to this
result as the Arc Scheme Irreducibility Theorem. We gave a purely geometric proof
of this theorem, using resolution of singularities, and a counterexample to show
that it does not extend to positive characteristic [14, Rmq. 1].
More recently, in [17, 2.9], Reguera established a modified form of the Arc Scheme
Irreducibility Theorem, when k is a perfect field of positive characteristic. In the
present article, we give a counterexample to show that her result fails if k is im-
perfect (Theorem 3.19), and we show how it can be adapted for arbitrary fields
(Theorem 3.15). Our result states that, for any field k and any k-scheme of finite
type X , there exists a natural bijective correspondence between the set of geometri-
cally reduced irreducible components of X , and the set of irreducible components of
L(X)\L(nSm(X)). Here nSm(X) denotes the non-smooth locus of X over k. The
results presented in this article clarify the status of the Arc Scheme Irreducibility
Theorem over arbitrary fields and incorporate all previously known cases.
As an intermediate result of independent interest, we prove that points on L(X)
can be approximated by algebraic curves C on X , in a sense which is made precise
in Theorem 3.12. Since the topology of L(C) is easier to control (Lemma 3.13) one
can use Theorem 3.12 to study the topology of L(X) (see for instance Proposition
3.18). Our approximation result is based on the following fundamental theorem by
Greenberg [3, Thm. 1] (we state it in a slightly different, but equivalent form).
1
2 JOHANNES NICAISE AND JULIEN SEBAG
Theorem 1.1 (Greenberg’s Approximation Theorem). Let R be an excellent henselian
discrete valuation ring with uniformizer pi. For any R-scheme of finite type X there
exists an integer a ≥ 1 such that for any integer ν ≥ 1 the images of the natural
maps
X(R/(piaν))→ X(R/(piν)) and X(R)→ X(R/(piν))
coincide.
Besides irreducibility, it is natural to ask which other properties of schemes are
preserved by the arc space functor (reducedness, noetherianity, connectedness,. . . ).
In Section 2 we obtain some results in this direction, placing ourselves in the most
general setting: arc schemes L(X/S) of arbitrary morphisms of schemes X → S.
We call these objects generalized arc schemes. Working on this level of generality
is useful, for instance, if one wants to consider the scheme of wedges of a relative
scheme X → S as the iterated arc scheme L(L(X/S)/S) of X/S, i.e. if one studies
infinitesimal deformations of arcs (Definition 3.8). The wedge scheme plays an
important role in the study of the Nash problem [16, 5.1]. Moreover, extending
the theory to arbitrary relative schemes yields a very natural proof of the Arc
Scheme Irreducibility Theorem for arbitrary schemes over a field of characteristic
zero (Theorem 3.6). Our proof does not use resolution of singularities and relies on
the interpretation of arc schemes in terms of differential algebra (Corollary 3.3).
We show that the generalized arc schemes have many properties with a differ-
ential flavor, even in positive characteristic. Our main theorem in this direction
is the characterization of formally unramified morphisms (Theorem 2.5(1)). These
differential properties are then applied in our study of the geometry of arc schemes.
To conclude this introduction, we give a survey of the structure of the paper.
Section 2 studies the differential properties of arc schemes. We recall the general
construction of arc schemes in Section 2.1, we establish some basic properties in
Section 2.2, and we develop the relations between the geometry of arc schemes and
the differential properties of morphisms of schemes in Section 2.3.
In Section 3 we focus on the topological properties of arc schemes, relying on
the results we proved in Section 2. Section 3.1 contains some preliminaries. In
Section 3.2 we interprete the arc scheme in terms of differential algebra, and we
use this interpretation in Section 3.3 to give a short geometric proof of the Arc
Scheme Irreducibility Theorem for arbitrary schemes over a field of characteristic
zero. Section 3.4 gives an application of this result to wedge schemes. Next, we
prove our approximation result for arcs by algebraic curves in Section 3.5. This
result is used in the topological study of the arc scheme in Section 3.6, where we
prove various forms of the Arc Scheme Irreducibility Theorem over arbitrary base
fields. At the end of the section, we show that there exists, over any imperfect field
k, a regular irreducible k-variety X such that L(X) is not irreducible. This shows
that the statement of [17, 2.9] does not extend to imperfect fields.
Notation. For any field k, a k-variety is a reduced separated k-scheme of finite
type. A k-curve is a k-scheme of finite type of pure dimension one. We do not
demand it to be separated, nor reduced.
We denote by (·)red the endofunctor on the category of schemes mapping a
scheme S to its maximal reduced closed subscheme Sred. For any scheme S, an
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S-algebra (resp. S-field) is a ring (resp. field) A together with a morphism of
schemes SpecA→ S.
For any field k and any k-scheme S, we denote by Salg the set of points on
S whose residue field is algebraic over k. Any morphism of k-schemes T → S
maps Talg to Salg, so (·)alg defines a functor from the category of k-schemes to the
category of sets. If kalg is an algebraic closure of k, then Salg is the image of the
natural map S(kalg)→ S. If S is of finite type over k, then Salg coincides with the
set of closed points of S.
If X is a k-scheme of finite type over k, we denote by Reg(X) the set of regular
points of X , and by Sm(X) the set of points where the structural morphism X →
Spec k is smooth. These are open subsets of X and we endow them with the
induced scheme structure. The complements of Reg(X) and Sm(X) in X , with
their reduced induced closed subscheme structure, are denoted by Sing(X) (the
singular locus of X), resp. nSm(X) (the non-smooth locus of X). We say that X
has isolated singularities if Sing(X) is a finite set of points.
For any scheme S and any integer n ≥ 0, we put Sn = S ×Z Z[t]/(tn+1).
2. Arc spaces
2.1. Definition. We recall the definition of the arc scheme functor, for arbitrary
relative schemes.
∗ Let S be any scheme, and X any S-scheme. By [1, 7.6.4], the Weil restriction
∏
Sn/S
(X ×S Sn)
is representable by a S-scheme, which we denote by Ln(X/S). To be precise, the
conditions in the statement of [1, 7.6.4] are not necessarily fulfilled by the Sn-
scheme X ×S Sn; however, going through the proof, one sees that one only has to
verify that for any geometric point z of S, the image of any morphism of schemes
z ×S Sn → X ×S Sn is contained in an affine open subscheme of X ×S Sn. This is
trivial, since z×S Sn is a point. Observe that L0(X/S) is canonically isomorphic to
X , and that Ln(S/S) is canonically isomorphic to S for all n ≥ 0. If S = SpecA,
we also write Ln(X/A) instead of Ln(X/S).
∗ By functoriality of the Weil restriction, Ln(·/S) defines an endofunctor on the
category of S-schemes. By the proof of [1, 7.6.4], Ln(X/S) is affine if X and S are
affine. By [1, 7.6.2], the functor Ln(·/S) respects open, resp. closed immersions.
By [1, 7.6.5], Ln(X/S) is separated, resp. of finite presentation, resp. smooth over
S, if the same holds for X .
∗ For m ≥ n the closed immersion Sn → Sm defined by reduction modulo tn+1 in-
duces a natural morphism of schemes pimn : Lm(X/S)→ Ln(X/S). The morphisms
pimn are affine, so that the projective limit
L(X/S) = lim
←−
n
Ln(X/S)
exists in the category of schemes. We denote the natural projection morphisms by
pin : L(X/S)→ Ln(X/S).
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Definition 2.1. The scheme Ln(X/S) is called the n-jet scheme of X/S, and
L(X/S) is called the arc scheme of X/S. The morphisms pin and pimn are called
truncation morphisms.
By the canonical isomorphism L0(X/S) ∼= X , the truncation morphisms pin0
and pi0 endow Ln(X/S) and L(X/S) with a natural structure of X-scheme. To
uniformize notation, we will often put L∞(·) = L(·) and pi∞m = pim. We extend the
usual ordering on N to N ∪ {∞} by imposing that ∞ ≥ n for all n in N ∪ {∞}.
∗ It follows immediately from the definition that for any morphism of schemes X →
S, the arc scheme L(X/S) represents the functor from the category of S-algebras
to the category of sets sending a S-algebra A to the set HomS(Spf A[[t]], X). If X
is affine, then the completion map
(2.1) HomS(SpecA[[t]], X)→ HomS(Spf A[[t]], X)
is bijective and L(X/S) represents the functor A 7→ X(A[[t]]). It is an interesting
open question whether this property extends to all schemes X of finite type over
S = Spec k with k a field; this is the case iff the functor A 7→ X(A[[t]]) is a sheaf
for the Zariski topology on the category of k-algebras.
If X → S is any morphism of schemes and A is a local S-algebra, then (2.1) is
still a bijection since any morphism SpecA[[t]]→ X factors through an affine open
subscheme of X . Hence, there exists a natural bijection L(X/S)(A) = X(A[[t]]).
In particular, for any S-field F , we have L(X/S)(F ) = X(F [[t]]).
∗ If h : Y → X is a morphism of S-schemes, then the natural morphisms of S-
schemes Ln(h/S) : Ln(Y/S)→ Ln(X/S) commute with the truncation morphisms
and define a natural morphism of S-schemes L(h/S) : L(Y/S) → L(X/S) by
passing to the limit, so L(·/S) defines an endofunctor on the category of S-schemes.
If h is a closed immersion, then so is L(h/S), since it is a projective limit of closed
immersions Ln(h/S). It is easily seen that L(·/S) also respects open immersions;
see Theorem 2.5(3) for a more general statement.
∗ The tautological morphism
X →
∏
Sn/S
(X ×S Sn)
defines a section τnX/S : X → Ln(X/S) for the projection morphism pi
n
0 : Ln(X/S)→
X for each n ≥ 0, and by passing to the limit, we get a section τX/S : X → L(X/S)
for pi0 : L(X/S) → X which sends a point x of X to the constant arc at x. The
truncation morphisms pin0 and pi0 are affine, hence separated, which implies that
the sections τnX/S and τX/S are closed immersions.
∗ A morphism of schemes T → S induces a natural base change morphism
Ln(X/S)×S T → Ln(X ×S T/T )
for any S-scheme X , and a natural forgetful morphism
Ln(Y/T )→ Ln(Y/S)
for any T -scheme Y . These morphisms are compatible with the truncation mor-
phisms pimn . Taking limits, we get similar morphisms on the level of arc spaces. The
forgetful morphism
T ∼= Ln(T/T )→ Ln(T/S)
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coincides with τnT/S for n ∈ N and with τT/S for n =∞. In particular, it is a closed
immersion.
∗ We’ll consider two natural topologies on L(X/S). The Zariski topology on the
scheme L(X/S) coincides with the limit topology w.r.t. the Zariski topology on
the schemes Ln(X/S), by [7, 8.2.9]. Besides, we introduce the following definition.
Definition 2.2 (t-adic topology). The t-adic topology on L(X/S) is the limit topol-
ogy on L(X/S) w.r.t. the discrete topology on the schemes Ln(X/S).
2.2. Basic properties. We establish some fundamental properties of the arc scheme.
Proposition 2.3. Let S be any scheme, let X,Y, Z, T be schemes over S, and let
W → V be a morphism of T -schemes. Fix a value n ∈ N ∪ {∞}.
(1) The functor Ln(·/S) commutes with base change: the natural base change
morphism
Ln(X/S)×S T → L(X ×S T/T )
is an isomorphism.
(2) The functor L(·/S) commutes with fibered products: for any S-morphisms
X → Z and Y → Z, there is a natural isomorphism
Ln(X ×Z Y/S) ∼= Ln(X/S)×Ln(Z/S) Ln(Y/S)
(3) There is a natural isomorphism
Ln(W/T ) ∼= Ln(W/S)×Ln(V/S) Ln(V/T )
(4) The natural forgetful morphism
Ln(W/T )→ Ln(W/S)
is a closed immersion.
(5) The natural morphism Xred → X induces an isomorphism L(Xred/S)red →
L(X/S)red. In particular, the natural morphism L(Xred/S) → L(X/S) is
a homeomorphism.
(6) If L(X/S) is reduced, then X is reduced.
(7) If the truncation morphism pin0 : Ln(T/S)→ T is an isomorphism then the
forgetful morphism Ln(W/T ) → Ln(W/S) is an isomorphism. Likewise,
if (pin0 )red : Ln(T/S)red → Tred is an isomorphism then Ln(W/T )red →
Ln(W/S)red is an isomorphism.
Proof. Points (1), (2) and (3) are straightforward, and (4) follows from (3) by taking
V = T . So let us start with (5). Since
L(Xred/S)(F ) = Xred(F [[t]]) = X(F [[t]]) = L(X/S)(F )
for any S-field F , we see that the natural closed immersion L(Xred/S)→ L(X/S)
is bijective. Hence, L(Xred/S)red → L(X/S)red is an isomorphism.
(6) If L(X/S) is reduced, then the composition of the natural section τX/S :
X → L(X/S) with the morphism (pi0)red : L(X/S) → Xred defines a left inverse
X → Xred for the natural closed immersion Xred → X . This is only possible if X
is reduced.
(7) follows from (3) by putting V = T . 
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Remark. 1. Proposition 2.3(7) is reminiscent of the first fundamental exact se-
quence for modules of differentials. In fact, the first part of Proposition 2.3(7) can
be deduced from the first fundamental exact sequence for Hasse-Schmidt derivations
[18, 2.1].
2. The converse of (6) does not hold. For instance, consider the case where k is a
field of characteristic 2, and put S = Spec k(u) andX = Spec k(u)[x]/(x2+u). For a
counterexample in characteristic zero, consider the complex cusp SpecC[x, y]/(y2−
x3) (see [17, 3.16]). It would be interesting to find a characterization of the (com-
plex) varieties with reduced arc scheme, and more generally to understand the
geometric meaning of the non-reduced structure of the jet schemes and the arc
scheme. 
2.3. Differential properties of the arc scheme. We’ll show that the structure
of the arc scheme is closely related to the differential properties of morphisms of
schemes. First, we need an elementary lemma.
Lemma 2.4. Let k be any field, let k′ be an algebraic extension of k, and let K
be any field containing k. If ϕ : k′ → K[[t]] is a morphism of k-algebras, then the
image of ϕ is contained in K.
Proof. Suppose that L is an algebraic field extension of K inside K[[t]]. It suffices
to show that K = L. Let α =
∑
i≥0 αit
i be a non-zero element of L, with αi ∈ K
for all i, and denote by p(x) ∈ K[x] its minimal polynomial over K. Let j ≥ 0 be
the smallest index such that αj 6= 0 and suppose that j > 0. We will deduce a
contradiction.
We may assume that α is either separable or purely inseparable over K. In the
first case,
0 = p(α) ≡ p(α0) + (∂xp)(α0) · αj · t
j mod tj+1
which is impossible because αj 6= 0 by assumption and p is separable. In the second
case, p(x) is of the form xp
m
− a, with p > 0 the characteristic of k, and
0 = p(α) =
∑
i≥0
(αi)
pm tip
m
− a
which yields the contradiction αj = 0. 
Theorem 2.5. Let U be any scheme, and let h : T → S be a morphism of U -
schemes.
(1) The following are equivalent:
(a) the morphism T → S is formally unramified;
(b) there exists an integer m ∈ N∗ ∪ {∞} such that the truncation mor-
phism pim0 : Lm(T/S)→ T is an isomorphism;
(c) pim0 : Lm(T/S)→ T is an isomorphism for each m ∈ N ∪ {∞}.
If T is Noetherian, then these properties are also equivalent to:
(d) the arc scheme L(T/S) is Noetherian.
(2) If T → S is formally smooth, then the following properties hold:
(a) the morphism pimn : Lm(T/S)→ Ln(T/S) is surjective for each pair
m ≥ n in N ∪ {∞},
(b) the morphism Ln(T/U) → Ln(S/U) is formally smooth for each
n ∈ N ∪ {∞},
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(c) the natural morphism
Lm(T/U)→ Lm(S/U)×Ln(S/U) Ln(T/U)
is surjective for each pair m ≥ n in N ∪ {∞}.
(3) If T → S is formally e´tale, then the natural diagram
Lm(T/U) −−−−→ Lm(S/U)
πmn
y yπmn
Ln(T/U) −−−−→ Ln(S/U)
is Cartesian for each pair m ≥ n in N ∪ {∞}.
(4) Let k ⊂ k′ be S-fields.
(a) If k′ is separable over k, then L(Spec k′/S) → L(Spec k/S) is sur-
jective.
(b) If k′ is algebraic over k then (pi0)red : L(Spec k
′/k)red → Spec k
′ is an
isomorphism. The converse holds if k′ is finite over a separably generated
extension of k.
(5) If T → S is locally of finite type, then the following are equivalent:
(a) the morphism T → S is quasi-finite;
(b) the morphism (pi0)red : L(T/S)red → Tred is an isomorphism;
(c) the morphism (pi0)red is of finite type.
If, moreover, T is Noetherian, then these properties are also equivalent to:
(d) the scheme L(T/S)red is Noetherian.
Proof. (1) The implications (c)⇒ (b) and (c)⇒ (d) are trivial.
It follows immediately from the definition that L1(T/S) is naturally isomorphic,
as a T -scheme, to the relative tangent scheme Spec (Sym(ΩT/S)), so (c)⇒ (a)⇒
(b) by [8, 17.2.1].
Assume that (a) holds. It is enough to prove (c) for m ∈ N (the case m = ∞
follows by passing to the limit). The property (c) is equivalent to the property that
for each S-scheme Z, the natural map HomS(Zm, T )→ HomS(Z, T ) is a bijection.
This map is always surjective, by the existence of the natural section Zm → Z
for the truncation morphism Z → Zm. It is injective by the infinitesimal lifting
criterion for formally unramified morphisms [8, 17.1.1].
Now assume that (b) holds. We will deduce (a). We may assume that S = SpecA
and T = SpecB are affine. Suppose that T → S is formally ramified. By [8, 17.2.1],
this means that Ω1B/A 6= 0, i.e. there exists a A-algebra C and a morphism of A-
algebras ϕ : B → C[u]/(u2) whose image is not contained in C. Put C′ = C[u]/(u2).
Composing ϕ with the morphism of C-algebras
C′ → C′[[t]] : u 7→ u(1 + t)
if m =∞ and with
C′ → C′[t]/(tm+1) : u 7→ u(1 + t)
else, we get an element of Lm(T/S)(C′) which is not contained in the image of
τmT/S(C
′) : T (C′)→ Lm(T/S)(C
′)
This contradicts the assumption that pim0 , and hence the section τ
m
T/S , are isomor-
phisms.
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Finally, suppose that T is Noetherian and (d) holds. We will deduce (b) with
m = ∞. We may assume that S = SpecA and T = SpecB are affine. Denote
by F the contravariant functor from the category of A-algebras to the category of
S-schemes mapping an A-algebra C to the scheme SpecC[[t]], and, for each n > 0,
denote by jn the natural transformation F → F mapping C to the morphism
jn(C) : SpecC[[t]]→ SpecC[[t]] : t 7→ t
n
It is easily seen that there exists for each n > 0 a unique closed immersion of
S-schemes ιn : L(T/S)→ L(T/S) inducing the map
ιn(C) : L(T/S)(C) = T (C[[t]])→ T (C[[t
n]]) ⊂ T (C[[t]]) : x 7→ x ◦ jn(C)
for each A-algebra C (see [15, 3.8] for a more general result). By the Ascending
Chain Condition for ideals in a Noetherian ring, any closed immersion of a Noe-
therian scheme into itself is an isomorphism. Hence, ιn is an isomorphism, and the
inclusion T (C[[tn]]) ⊂ T (C[[t]]) is a bijection for each n > 0 and any A-algebra C.
On the other hand, ∩n>0T (C[[tn]]) = T (C), so T (C) ⊂ T (C[[t]]) is a bijection and
τT/S : T → L(T/S) is an isomorphism, inverse to pi0.
(2,3) These are all easy formal consequences of the infinitesimal lifting criteria
for formally smooth, resp. formally e´tale morphisms [8, 17.1.1].
(4a) follows from (2c) (with m =∞ and n = 0) since k′ is formally smooth over
k by [5, 19.6.1].
(4b) By the existence of the section τT/S , which is a closed immersion, (pi0)red
is an isomorphism iff it is a bijection on the level of underlying sets.
Assume that k′/k is algebraic, let K be a k-field, and ϕ : k′ → K[[t]] a morphism
of k-algebras. It suffices to show that the image of ϕ is contained in K. This follows
from Lemma 2.4.
Conversely, assume that (pi0)red is an isomorphism and that k
′ is finite over a
separably generated extension L of k. We may assume that L is separably closed
in k′. Let K = k(ui)i∈I be a purely transcendental extension of k inside L such
that L/K is separable and algebraic. We have to show that I is empty; suppose
the contrary. Consider the morphism of k-algebras ϕ : K → K[[t]] mapping ui
to ui + t for each i ∈ I. By Hensel’s Lemma, it extends uniquely to a morphism
ϕ : L→ L[[t]] whose composition with reduction modulo t is the identity on L. If α
is a purely inseparable element of k′ over L, then for i≫ 0, ϕ extends uniquely to
a morphism L(α)→ L(α)[[tp
−i
]] such that the composition with reduction modulo
tp
−i
is the identity on K(α). Reparametrizing by putting t′ = tp
−i
and continuing
with L replaced by L(α), we obtain an extension of ϕ to a morphism k′ → k′[[t]]
whose image is not contained in k′. This contradicts the assumption that (pi0)red
is an isomorphism.
(5) The implications (b)⇒ (c)⇒ (d) are trivial. We noted already in the proof
of (2) that (pi0)red is an isomorphism iff it is a bijection on the level of underlying
sets. Hence, by Proposition 2.3(1), all properties in the statement can be checked
on the fibers and we may assume that S = Spec k with k a field. Since all the
properties are local on T , we may assume that T is connected and T = SpecB
with B a k-algebra of finite type. By Proposition 2.3(5) we may assume that T is
reduced.
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If (a) holds, then B is a finite field extension of k, and (b) follows from Lemma
2.4.
Now, assume that (b) holds. In order to deduce (a), we have to show that B
is a field. If P is a minimal prime ideal B, then B is a field iff B/P is a field,
since B is reduced and SpecB is connected. Hence, we may assume that B is a
domain. Denote by K its quotient field. The fact that L(T/S) → T is a bijection
implies that the same holds if we replace T by SpecK, by (3). But K/k is finitely
generated, so (4) implies that K is algebraic over k, and we can conclude that
B = K.
Finally, if (d) holds, the arguments in the proof of (1)(d) ⇒ (b) (restricted to
reduced algebras C) show that (b) holds. 
Remark. Property (4b) does not extend to the jet spaces Lm(Spec k
′/k). For
instance, let k be an imperfect field of characteristic p, pick an element a in k− kp,
and put k′ = k[x]/(xp−a). Then Ln(Spec k′/k)red → Spec k′ is not an isomorphism
for any n ∈ N∗, since Ln(Spec k′/k)red is the closed subscheme of Spec k[x0, . . . , xn]
defined by the equations xi = 0 for all i ≥ 0 with i · p ≤ n.
For the converse implication in (4b), the condition that k′ is finite over a sepa-
rably generated extension of k cannot be omitted: there exist formally unramified
field extensions k′/k which are not algebraic. For instance, if k is any field of
characteristic p > 0 and k′ is the perfect closure of k(u), then Ω1k′/Z = 0 because
d(ap) = p · ap−1 · da = 0 for any element a of k′. Since k′/k is not separable if k is
not perfect, the same example shows that the converse of (4a) is false.
Similar examples show that the condition that T → S is locally of finite type
cannot be dropped in (5), even if we replace “is quasi-finite” by “has discrete fibers”
in (5a). For example, if k is an algebraically closed field of characteristic p > 0 and
B is the k-algebra ∪i>0k[tp
−i
], then B is formally unramified over k but SpecB is
not discrete. 
Corollary 2.6. If k is any field and X is a k-scheme of finite type, then
• the following are equivalent:
(a) the arc scheme L(X/k) is Noetherian;
(b) the truncation morphism pi0 : L(X/k)→ X is an isomorphism;
(c) the scheme X is e´tale over k.
• the following are equivalent:
(a) the scheme L(X/k)red is Noetherian;
(b) the morphism (pi0)red : L(X/k)red → Xred is an isomorphism;
(c) the scheme X has dimension 0.
Corollary 2.7. Let k′/k a field extension, and fix a k′-scheme X.
• If k′/k is algebraic,then the forgetful morphism
L(X/k′)red → L(X/k)red
is an isomorphism.
• If the field k′ is formally unramified over k then the forgetful morphism
Ln(X/k
′)→ Ln(X/k)
is an isomorphism for each n ∈ N ∪ {∞}.
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Proof. This follows immediately from Proposition 2.3(7) and Theorem 2.5(1,4b).

3. Topology of arc spaces
3.1. Basic topological properties of the arc scheme. We collect some elemen-
tary topological properties of the arc scheme, which we’ll need in the remainder of
the article.
Proposition 3.1. Let X → S be a morphism of schemes. We denote by I(X) the
set of irreducible components of X, and by C(X) the set of connected components
of X (with their reduced induced structure).
(1) If X is integral, and smooth over S, then L(X/S) is integral.
(2) For each element Xi of I(X) (resp. C(X)), the scheme L(Xi/S) is a union
of irreducible (resp. connected) components of L(X/S). Moreover,
L(X/S) = ∪Xi∈I(X)L(Xi/S) and L(X/S) = ∪Yj∈C(X)L(Yj/S)
(as topological spaces), and if Xi and Xj are distinct elements of I(X)
(resp. C(X)) then L(Xi/S) 6⊂ L(Xj/S).
(3) If S = Spec k, with k a field, and k′ is an algebraic, purely inseparable field
extension of k, then the natural morphism h : L(X ′ ×k k′/k′) → L(X/k)
induced by the base change isomorphism in Proposition 2.3(1), is a home-
omorphism.
Proof. (1) If X is smooth over S, it admits Zariski-locally an e´tale morphism to
affine space AdS by [8, 17.11.4], and pi
n
0 : Ln(A
d
S/S) → A
d
S is obviously a trivial
S-fibration with fiber A
(n+1)d
S for each n ≥ 0. Hence, it follows from integrality of
X and Theorem 2.5(3) that L(X/S) is integral.
(2) These properties follow easily from the fact that the arc scheme functor L(·)
respects open (resp. closed) immersions, and the fact that for any k-field F , any
morphism SpecF [[t]] → X factors through an irreducible component of X since
F [[t]] is integral. For the last statement, use the existence of the natural sections
τXi/S and τXj/S .
(3) The natural projection L(X/k)×k k′ → L(X/k) is a homeomorphism by [6,
2.4.5]. 
3.2. Arc schemes and differential algebra. In this section, we’ll show that arc
schemes in characteristic zero admit a natural interpretation in terms of differential
algebra. Let (A, δ) be a differential ring. By [2, 1.19] the forgetful functor For
from the category of differential (A, δ)-algebras to the category of A-algebras has a
left adjoint R 7→ R∞. By definition, there is a tautological morphism of A-algebras
R → For(R∞). In order to avoid confusion we adopt the following notation:
if B and C are differential (A, δ)-algebras, we’ll write HomδA(B,C) for the set of
morphisms of differential (A, δ)-algebras and HomA(B,C) for the set of morphisms
of A-algebras HomA(For(B), For(C)).
Proposition 3.2. Assume that A is a Q-algebra endowed with the trivial deriva-
tion. Then the forgetful functor For has a right adjoint R 7→ R∞. It maps an
A-algebra R to the A-algebra R∞ = R[[t]] endowed with the usual derivation δ = ∂t
with respect to the parameter t.
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Proof. A morphism of A-algebras R → S defines a morphism of differential A-
algebras (R[[t]], ∂t) → (S[[t]], ∂t) in the obvious way, so the functor (·)∞ is well-
defined. Let us check that it is right adjoint to For. Let (B, δ) be any differential
A-algebra, and ϕ : B → R a morphism of A-algebras. Then ϕ defines a morphism
of differential A-algebras
B → R∞ : b 7→
∑
i≥0
ϕ(δ(i)b)
i!
ti
Conversely, a morphism of differential A-algebras (B, δ)→ R∞ defines a morphism
of A-algebras B → R by composition with reduction modulo t, and one checks that
these correspondences define mutually inverse bijections
HomA(B,R) = Hom
δ
A((B, δ), R∞)

Corollary 3.3. Let A be a Q-algebra endowed with the trivial derivation. For any
A-algebra R, the R-scheme SpecR∞ is canonically isomorphic to the arc scheme
L(SpecR/A).
Proof. By Proposition 3.2 and the fact that (·)∞ is left adjoint to For, we have for
any R-algebra S natural bijections
HomA(For(R
∞), S) = HomδA(R
∞, S∞)
= HomA(R,S[[t]])
so there is a natural isomorphism of A-schemes L(SpecR/A) ∼= SpecR∞, and one
easily checks that it is an isomorphism of R-schemes. 
Corollary 3.4. If S is a Q-scheme and X is a formally smooth integral S-scheme,
then L(X/S) is integral.
Proof. We may assume that X and S are affine, say X = SpecR and S = SpecA,
and it suffices to show that R∞ is a domain. This follows from the fact that Ω1R/A
is a projective R-module and the formal properties of the functor (·)∞; see [2,
1.27]. 
3.3. Kolchin’s Irreducibility Theorem for arbitrary Q-schemes. In [2, Thm. 1]
it is shown that, if (k, δ) is a differential field of characteristic zero and R is an in-
tegral k-algebra, then R∞ has a unique minimal prime ideal. This is a very general
form of Kolchin’s Irreducibility Theorem. In view of Corollary 3.3, it implies that
the arc scheme L(X/k) of an arbitrary irreducible scheme X over a field k of char-
acteristic zero is again irreducible. We will give a short geometric proof of this
result.
Lemma 3.5. If k is a field of characteristic zero, and V a valuation ring containing
k, then L(Spec V/k) is integral.
Proof. Consider the endofunctor G on the category of k-algebras which sends a
k-algebra B to the k-algebra of global sections of the k-scheme L(SpecB/k). It
admits a right adjoint, sending a k-algebra C to the k-algebra C[[t]] : use either
the fact that the functor G is isomorphic to For ◦ (·)∞ by Corollary 3.3, or the
bijectivity of the completion map (2.1) in the affine case.
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Now we can follow the arguments in [2, 1.38]. As a left adjoint, G commutes
with direct limits. By Zariski’s Uniformization Theorem, V can be written as a
direct limit of domains Bi which are smooth over k. But G(Bi) is a domain by
Proposition 3.1(1), and a direct limit of domains is again a domain. 
If X → S is a morphism of schemes, K a S-field and ϕ : SpecK[[t]] → X an
element of L(X/S)(K), then we denote by ϕ(0) the image of the closed point of
SpecK[[t]] in X , and by ϕ(η) the image of the generic point of SpecK[[t]]. Note
that ϕ(0) = pi0(ϕ).
Theorem 3.6. Let X → S be a morphism of schemes.
(1) For any point ϕ on L(X/S), there exists a point ψ in L(ϕ(η)/S) ⊂ L(X/S)
such that ϕ belongs to the Zariski closure of ψ in L(X/S).
(2) If k is a field of characteristic zero and S = Spec k, then the map
Y 7→ L(Y/k)red
defines a bijective correspondence between the irreducible components Y of
X and the irreducible components of L(X/k).
In particular, if X is irreducible, then L(X/k) is irreducible. Moreover,
if ξ is the generic point of X, then L(ξ/k) is dense in L(X/k).
Proof. To prove (1) one can copy the arguments in the first part of the proof
of [10, 2.12]. We repeat them here for the reader’s convenience. Let ϕ be any
point of L(X/S), with residue field K. It corresponds to a morphism of S-schemes
ϕ : SpecK[[t]]→ X . Composing ϕ with the morphism
SpecK[[u, v]]→ SpecK[[t]] : t 7→ u+ v
we get an element ψ of X(K[[u, v]]), i.e. an arc ζ : SpecK[[u]]→ L(X). It satisfies
ζ(0) = ϕ, and the point ζ(η) corresponds to an arc ψ : SpecK((u))[[v]] → X with
ψ(0) = ψ(η) = ϕ(η). Now the result follows from the fact that ζ(0) is contained in
the Zariski closure of ζ(η) in L(X/S).
Now we prove (2). By Proposition 3.1(2) it suffices to deal with the case where
X is integral. Let ξ be the generic point of X . Since k has characteristic zero, ξ
is formally smooth over k [5, 19.6.1], so L(ξ/k) is irreducible by Corollary 3.4. We
will show that this set is dense in L(X/k).
Let ψ be any point of L(X/k) and put x = ψ(η). We have to prove that ψ
belongs to the Zariski closure of L(ξ/k). By (1) the point ψ is a specialization of
an element of L(x/k), so we may assume that ψ ∈ L(x/k).
Denote by k(X) the field of rational functions on X . The local ring OX,x can be
dominated by a valuation v on k(X). Denote by V the valuation ring of v, and by y
the closed point of SpecV . The morphism of schemes V → X induces a morphism
of arc schemes L(Spec V/k)→ L(X/k). Its image contains both L(ξ/k) and L(x/k),
by Theorem 2.5(4a). Hence, we may assume that X = SpecV . Then L(X/k) is
integral by Lemma 3.5. We denote by ϕ the generic point of L(X/k). If ϕ(0) were
contained in a strict closed subset Z of X , then we would have pi−10 (Z) = L(X/k).
This is impossible because of the existence of the section σX/k. Hence, ϕ belongs
to L(ξ/k), and this set is dense in L(X/k). 
Theorem 3.6 generalizes [14, 3.3] to arbitrary k-schemes, avoiding the use of
resolution of singularities.
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Corollary 3.7. For any morphism of schemes X → S and any closed subscheme
Z of X with complement U , the scheme L(U/S) is dense in L(X/S) \ L(Z/S).
Proof. This follows immediately from Theorem 3.6(1). 
Remark. Even when X is an irreducible complex variety, the jet schemes Ln(X/C)
can be reducible. See [13, 0.1] for the relation with the nature of the singularities
of X . 
3.4. Wedge schemes.
Definition 3.8. For any morphism of schemes X → S and any integer e ≥ 0, the
e-th wedge scheme L(e)(X/S) is defined inductively by L(0)(X/S) = X and
L(e)(X/S) = L(L(e−1)(X/S)/S)
for e > 0.
By definition, for any local S-algebra A, there exists a natural bijection
L(e)(X/S)(A) = X(A[[t1, . . . , te]])
If A is a field, these objects are called e-wedges on X . They play an important role
in the study of the Nash problem [16, 5.1].
More generally, for any tuple i ∈ (N ∪ {∞})e one can define a i-jet scheme
Li(X/S) in the obvious way; Definition 3.8 corresponds to the case i = (∞, . . . ,∞).
We leave the definition of the i-jet schemes and the various truncation morphisms
to the reader.
Proposition 3.9. If k is a field of characteristic zero, then for any irreducible k-
scheme X and any integer e > 0, the scheme of e-wedges L(e)(X/k) is irreducible.
Proof. This follows from Theorem 3.6 by induction on e. 
3.5. Approximation by curves. In order to get a better hold on the topology
of arc schemes of varieties over a field of arbitrary characteristic, we show in this
section that arcs can be approximated by algebraic curves. This result, which has
an independent interest, will be applied in Proposition 3.18. To simplify notation,
we will henceforth write Ln(X) and L(X) instead of Ln(X/S) and L(X/S) if the
base scheme S is clear from the context.
Lemma 3.10. For any field k and any k-scheme of finite type X, the set L(X)alg
is Zariski-dense in L(X).
Proof. By Proposition 2.3(1) we may assume that k is algebraically closed. The sets
pi−1n (U), with U an open subscheme of Ln(X), form a basis for the Zariski-topology
on L(X). Assume that pi−1n (U) is non-empty. Since the scheme (pi
m
n )
−1(U) is non-
empty for each m ≥ 0, it must contain a k-rational point because it is of finite
type over k. Applying Greenberg’s Approximation Theorem (Theorem 1.1) to the
k[[t]]-scheme of finite type X ×k k[[t]], we see that pi−1n (U) contains a k-rational
point. 
Remark. Any point of L(X)alg is closed in L(X). If k is uncountable, then
L(X)alg coincides with the set of closed points on L(X), but this does not hold in
general [9, 2.9]. 
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Definition 3.11. We denote by Cu(X) the set of irreducible curves on X, and by
Lcu(X) the subset
τX/k(Xalg) ∪

 ⋃
C∈Cu(X)
L(C)alg


of L(X).
In other words, a point x of L(X) belongs to Lcu(X) iff its residue field k′ is
algebraic over k and the corresponding arc ψx : Spec k
′[[t]] → X maps the generic
point of Spec k′[[t]] to a point of X whose residue field has transcendence degree at
most one over k. Note that
τX/k(Xalg) ⊂

 ⋃
C∈Cu(X)
L(C)alg


as soon as X has no zero-dimensional connected components, since any closed point
on a connected k-scheme of finite type X of dimension ≥ 1 is contained in a curve
on X .
Theorem 3.12. Let k be any field, and X a k-scheme of finite type. The arc
space L(X) is densely covered by curves in the following sense: the set Lcu(X) is
t-adically dense in L(X)alg. In particular, Lcu(X) is Zariski dense in L(X).
Proof. Let kalg be an algebraic closure of k, and put X ′ = X×kkalg. It is clear from
the definition that the natural surjective morphism L(X ′)→ L(X) maps Lcu(X ′)
onto Lcu(X). Hence, we may assume that k is algebraically closed.
Denote by O the local ring of A1k = Spec k[t] at the origin, and by O
h its
henselization. This is a henselian discrete valuation ring, and its completion is
isomorphic to k[[t]]. Moreover, O is excellent since it is essentially of finite type over
a field [6, 7.8.3], so Oh is excellent by [8, 18.7.6]. Hence, we can apply Greenberg’s
Approximation Theorem (Theorem 1.1) to the Oh-scheme X ×k Oh.
It implies that for any point x in L(X)(k) = X(k[[t]]) and any integer n ≥ 0,
the image of x under the natural map X(k[[t]]) → X(k[t]/tn+1) lifts to a point x′
in X(Oh). Since X is of finite type over k and Oh is a direct limit of essentially
e´tale extensions of O [8, 18.6.5], the point x′ is defined over such an extension O′.
The generic point of O′ is finite over the generic point of O, so it has transcendence
degree one over k, and the scheme-theoretic closure of x′ in X has dimension one.
This shows that Lcu(X) is t-adically dense in L(X)(k). By Lemma 3.10, Lcu(X)
is Zariski-dense in L(X). 
3.6. Decomposition of arc spaces. In this section, we consider the decompo-
sition into irreducible, resp. connected components, of arc schemes of schemes of
finite type over an arbitrary base field k.
Lemma 3.13. If k is any field and C is an irreducible (resp. connected) k-curve,
then L(C) is irreducible (resp. connected).
Proof. By Propositions 2.3(5) and 3.1(3) we may assume that C is reduced and
that k is perfect. We denote by C˜ → C the normalization map.
First, assume that C is irreducible. Denote by nN(C) = {x1, . . . , xn} the finite
set of points where C is not normal. The natural morphism h : L(C˜) → L(C) is
surjective: if x is contained in L(C) \ L(nN(C)) then the corresponding arc lifts
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(uniquely) to C˜ by the valuative criterion for properness [4, 7.3.8]. If x is contained
in L(xi/k) then x is the constant arc τX/k(xi) at xi by Corollary 2.6, so x lifts to
the constant arc at any point of the inverse image of xi in C˜.
Since k is perfect and C irreducible, the normalization C˜ is smooth and con-
nected, so L(C˜) is irreducible by Proposition 3.1(1) and the same holds for L(C)
by surjectivity of h.
Now assume that C is connected, and denote by C1, . . . , Cℓ its irreducible com-
ponents. By the first part of the proof, L(Ci) is irreducible, and hence connected,
for each i. By Proposition 3.1(2), L(C) = ∪iL(Ci). But if Ci ∩ Cj 6= ∅, then
L(Ci) ∩ L(Cj) 6= ∅ (consider the constant arc at any point of Ci ∩ Cj). Since C is
connected, this implies that L(C) is connected as well. 
Corollary 3.14. Let k be any field and let C a k-curve. The map
Z 7→ L(Z/k)red
defines a bijection between the set of connected (resp. irreducible) components of
C and the set of connected (resp. irreducible) components of L(C) (all taken with
their reduced induced structure).
Proof. This is a direct consequence of Lemma 3.13 and Proposition 3.1(2). 
Theorem 3.15. Let k be any field and X a k-scheme of finite type.
(1) If X is irreducible, then L(X) \ L(nSm(X)) is irreducible.
(2) The map
Z 7→ L(Z/k)red
defines a bijection between the set of irreducible components of X which
are geometrically reduced, and the set of irreducible components of L(X) \
L(nSm(X)).
Proof. (1) It follows from Proposition 3.1(1) that L(Sm(X)) is irreducible, so the
result follows from Theorem 3.6(1).
(2) Let {Xi}i∈I be the set of irreducible components of X . Then
L(X) \ L(nSm(X)) = ∪i∈I (L(Xi) \ L(nSm(X)))
by Proposition 3.1(2). Moreover, L(Xi)\L(nSm(X)) is open in L(Xi)\L(nSm(Xi)),
and hence, by (1), an irreducible closed subset of L(X)\L(nSm(X)) for each i ∈ I.
Finally, for i 6= j in I,
L(Xi) \ L(nSm(X)) ⊂ L(Xj) \ L(nSm(X))
implies that Xi \nSm(X) ⊂ Xj by the existence of the section τX/k. This happens
iff Xi ⊂ nSm(X), i.e. iff X is not geometrically reduced. 
Corollary 3.16. If k is any field and X is a k-scheme of finite type, then L(X)
has finitely many irreducible components.
Proof. By Proposition 3.1(2,3), we may assume that X is integral and that k is per-
fect. By induction on the dimension ofX , it suffices to show that L(X)\L(Sing(X))
has finitely many irreducible components. But since k is perfect, Sing(X) =
nSm(X) so L(X) \ L(Sing(X)) is irreducible by Theorem 3.15. 
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Lemma 3.17. If k is any field and X is a connected k-scheme of finite type of di-
mension ≥ 1, then for any pair of closed points {x, y} on X, there exists a connected
curve C on X containing x and y.
Proof. The statement is classical and left to the reader. See, for example, [12],
Exercise 8.1.5. 
Proposition 3.18. Let k be any field, and X a k-scheme of finite type.
(1) If X is connected, then L(X) is connected.
(2) If X is irreducible and nSm(X) is a finite set of points, then L(X) is
irreducible. In particular, if k is perfect and X is irreducible with only
isolated singularities, then L(X) is irreducible.
Proof. (1) Any connected component is a union of irreducible components. By
Corollary 3.16, L(X) has finitely many irreducible components. Therefore, L(X)
has finitely many connected components, and they are open.
Assume that U1 and U2 are two distinct connected components of L(X). By
Theorem 3.12 there exist curves C1 and C2 on X such that L(Ci) intersects Ui for
i = 1, 2. By Lemma 3.13, L(Ci) is contained in Ui. Let xi be a closed point on Ci
for i = 1, 2. By Proposition 3.17 there exists a connected curve D on X containing
both x1 and x2. This means that L(D) intersects U1 and U2, which contradicts the
fact that L(D) is connected by Lemma 3.13.
(2) By (1), L(X) is connected, and by Theorem 3.15, L(X) \ L(nSm(X)) is
irreducible. Since L(nSm(X)) is topologically a discrete finite set of points by
Corollary 2.6, this implies that L(X) is irreducible. 
A counterexample over an imperfect field. If k is a perfect field and X a k-scheme
of finite type, then Sing(X) and nSm(X) coincide. In this case, Theorem 3.15 was
proven in [17, 2.9] (the condition that X is reduced seems to be missing in [17, 2.9]).
We’ll now show that, over an arbitrary field, it is not possible to replace nSm(X)
by Sing(X) in the statement of Theorem 3.15.
Note that if k has positive characteristic, it is not difficult to construct examples
of irreducible k-varieties X such that L(X) is not irreducible (see [14, Rmq. 1], or
[11, Exercise IV.6/3.d)]). The following counterexample has the additional property
that the variety X is regular, and hence shows that [17, 2.9] does not extend to
imperfect base fields.
Theorem 3.19. If k is an imperfect field, then there exists a regular irreducible
k-variety X such that L(X) is not irreducible.
Proof. Denote by p the characteristic of k and choose an element a in k − kp.
Consider the polynomial
f = xp + yzp − a ∈ k[x, y, z]
It is clear that f is irreducible. We denote by X the hypersurface in A3k =
Spec k[x, y, z] defined by f .
Claim 1: X is regular. We only have to show that each point of nSm(X) is
a regular point of X . The closed subscheme nSm(X) of X is defined by a single
equation z = 0 and it is regular of dimension one. Hence, any point of nSm(X) is
a regular point of X .
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Claim 2: L(X) is reducible. Consider the polynomial algebra
A = k[xi, yi, zi]i≥0
over k. Developing the expression
f(
∑
i≥0
xit
i,
∑
i≥0
yit
i,
∑
i≥0
zit
i)
into a power series over A, we obtain an expression∑
i≥0
Fi(x0, y0, z0, . . . , xi, yi, zi)t
i.
The arc scheme L(X) is the closed subscheme of the infinite-dimensional affine
space SpecA defined by the ideal I = (F0, F1, . . .). Looking at the equation F1 = 0
one sees that the closed subset V (z0) = pi
−1
0 (nSm(X)) of L(X) contains the open
subset D(y1) of L(X). The set D(y1) is non-empty: it contains the maximal ideal
(xp0 − a, y0, z0, x1, y1 − 1, z1, xi, yi, zi)i≥2
of A/I. Since V (z0) 6= L(X) (it is disjoint from τX/k(Sm(X))), we can conclude
that L(X) is reducible. 
Remark. Note that a variety X as in the statement of Theorem 3.19 must have
dimension ≥ 2, by Corollary 2.6 and Lemma 3.13. 
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